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Applying Modified Gravity (MOG) to the Lensing and Einstein Ring in Abell 3827
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The lensing and Einstein ring at the core of the galaxy cluster Abell 3827 are reproduced in the
modified gravity theory MOG. The estimated effective lensing massML = (1+α)Mb = 5.2×10
12
M⊙
within R = 18.3 kpc for a baryon mass Mb = 1.0 × 10
12
M⊙ within the same radius produces the
observed Einstein ring angular radius θE = 10
′′. A detailed derivation of the total lensing mass is
based on modeling of the cluster configuration of galaxies, intra cluster light and X-ray emission.
The MOG can fit the lensing and Einstein ring in Abell 3827 without dark matter as well as General
Relativity with dark matter.
I. INTRODUCTION
Dark matter has not been observed in laboratory ex-
periments [1]. Therefore, it is important to consider a
modified gravitational theory. The difference between
standard dark matter models and modified gravity is that
dark matter models assume that General Relativity (GR)
is the correct theory of gravity and a dark matter par-
ticle such as WIMPS, axions and fuzzy dark matter are
postulated to belong to the standard particle model. The
present work using modified gravity (MOG) reproduces
the basic lensing and Einstein ring around the center of
the galaxy cluster Abell 3827 [2]. The Einstein ring is
made of multiple lensed images of a background spiral
galaxy modelled by a lensing mass distribution. In Abell
3827 there are four bright and dominant cluster member
galaxies along with a dimmer member galaxy within the
ring, an intracluster light and an extended X-ray emis-
sion centered on the ring. We analyze the lensing and
Einstein ring with a modified gravity MOG, also called
Scalar–Tensor–Vector–Gravity (STVG) [3, 4]. The MOG
is described by a fully covariant action and field equa-
tions, extending GR by the addition of two gravitational
degrees of freedom. The first is G = 1/χ, where G is
the coupling strength of gravity and χ is a scalar field.
The second degree of freedom is a massive gravitational
vector field φµ. The gravitational coupling of the vec-
tor graviton to matter is universal with the gravitational
charge Qg =
√
αGNM , where α is a dimensionless func-
tion of the scalar field χ, GN is Newton’s gravitational
constant and M is the mass of a body.
We write the gravitational coupling coefficient G as
G = GN (1+α). The effective running mass of the spin-1
vector graviton is determined by the parameter µ, which
fits galaxy rotation curves and cluster dynamics without
exotic dark matter [5–10]. It has the value µ ∼ 0.01 −
0.04 kpc−1, corresponding to µ−1 ∼ 25 − 100 kpc and
an effective mass mφ ∼ 10−28 eV. MOG has been used
to model cosmology [4, 11–13]. A detailed derivation of
the lensing properties and the Einstein ring of a massive
object has been published [15, 16, 19].
The total effective lensing mass ML is approximated
by a central source mass within the Einstein ring with
the angular radius RE = 10
′′ (18.3 kpc at z=0.099), and
the fitting of MOG to the Einstein ring gives the lensing
mass estimate ML ∼ 5.2 × 1012M⊙ consistent with the
estimate from models of the central region of the galaxy
clusterML ∼ 4.5×1012M⊙ [2], with a baryon massMb =
1.0× 1012M⊙.
II. THE MOG FIELD EQUATIONS
We introduce χ = 1/G where χ is a scalar field and
G = GN (1 + α) is the coupling strength of gravity, ex-
pressed in terms of α = (χGN )
−1−1. The field equations
are given by (we use the metric signature (+,−,−,−)
and units with c = 1) [3, 4]:
Gµν = − ωM
χ2
(
∇µχ∇νχ− 1
2
gµν∇αχ∇αχ
)
− 1
χ
(∇µχ∇νχ− gµνχ) + 8π
χ
Tµν , (1)
∇νBµν + µ2φµ = Jµ, (2)
χ =
8π
(2ωM + 3)
T, (3)
where Gµν = Rµν− 12R, ∇µ denotes the covariant deriva-
tive with respect to the metric gµν , Bµν = ∂µφν − ∂νφµ
and ωM is a constant. Moreover,  = ∇µ∇µ, Jµ =√
αGNρu
µ, ρ is the density of matter and field energy
and uµ = dxµ/ds. Λ is the cosmological constant and µ
is the effective running mass of the spin 1 graviton vector
field. The energy-momentum tensor is
Tµν = T
M
µν + T
φ
µν + gµν
χΛ
8π
, (4)
where
T φµν = −
(
Bµ
αBαν−1
4
gµνB
αβBαβ+µ
2φµφν−1
2
µ2gµνφ
αφα
)
,
(5)
2and T = gµνTµν .
The equation of motion for a massive test particle in
MOG has the covariant form [3, 17]:
m
(
duµ
ds
+ Γµαβu
αuβ
)
= qgB
µ
νu
ν, (6)
where Γµαβ denote the Christoffel symbols. Moreover,m
and qg denote the test particle mass m and gravitational
charge qg =
√
αGNm, respectively. For a massless pho-
ton the gravitational charge vanishes, qγ =
√
αGNmγ =
0, so photons travel on null geodesics kν∇νkµ = 0 [20]:
dkµ
ds
+ Γµαβk
αkβ = 0, (7)
where kµ is the photon momentum and k2 = kµkµ =
0. We note that for qg/m =
√
αGN the equation of
motion for a massive test particle (6) satisfies the (weak)
equivalence principle, leading to the free fall of particles
in a homogeneous gravitational field, although the free-
falling particles do not follow geodesics.
A phenomenological formula for α for approximately
constant α and weak gravitational field is [19]:
α = αinf
M
(
√
M + E)2
, (8)
where αinf ∼ O(10) and E . O(105). For r ≪ µ−1 ∼
25− 100 kpc the MOG acceleration reduces to the New-
tonian acceleration.
The modified Newtonian acceleration law for a point
particle can be written as [3]:
aMOG(r) = −GNM
r2
[1 + α− α exp(−µr)(1 + µr)]. (9)
This reduces to Newton’s gravitational acceleration in
the limit µr ≪ 1. This is consistent with solar system
observational data.
In the limit that r →∞, we get from (9) for approxi-
mately constant α and µ:
aMOG(r) ≈ −GN(1 + α)M
r2
. (10)
The MOG acceleration has a Newtonian–Kepler behav-
ior for large r with enhanced gravitational strength G =
GN (1 + α). The transition from Newtonian acceleration
behavior for small r to non-Newtonian behavior for in-
termediate values of r is due to the repulsive Yukawa
contribution in (9). This can also result in the circular
orbital rotation velocity vc having a maximum value in
the transition region.
We have written the gravitational strength G =
GN (1 + α), so we can relate the scalar field χ to this
expansion of G with α as χ ∼ 1/GN (1 + α). The con-
stant ωM can be set to ωM = 1. In the weak gravi-
tational acceleration formula (9), the acceleration of a
particle identified with a planet in the solar system ap-
proaches the Newtonian acceleration law as r approached
the size of the solar system. In Brans-Dicke theory [21],
the constant ω is chosen to be large so that the theory
can agree with solar system measurements. An impor-
tant difference between Brans-Dicke gravity and MOG is
the additional degree of freedom of the gravitational vec-
tor field φµ, allowing us to obtain the weak field MOG
acceleration formula (9). We have adopted a different
approach for obtaining the solar system weak field limit
by choosing the equivalent constant ωM = 1 and the re-
lation χ = 1/GN(1 + α). In the fitting of data when
applying the field acceleration formula (9) to weak grav-
itational fields, the parameters α and µ are treated as
running constants that are not universal constants. The
magnitude of α depends on the physical length scale or
averaging scale ℓ of the system. For the solar system,
ℓ⊙ ∼ 0.5 pc and for a galaxy ℓG ∼ 5− 24 kpc.
III. MOG LENSING AND THE EINSTEIN RING
The MOG formula for light bending for weak gravita-
tional fields is given by the deflection [3, 16]:
θL =
4GM
r0
=
4GN (1 + α)M
r0
. (11)
The bending of light predicted by MOG is equal to the
bending of light predicted by GR using the effective lens-
ing mass:
ML = (1 + α)M. (12)
The data for the projected total lensing mass is based
on the projected mass from the four brightest cluster
galaxies and the intracluster gas [2]. The standard lens-
ing equation is given by
rBS = rS − θL(rS ,Σ(rS)), (13)
where rBS is the observed position of the background
source, rS is the observed position of the source, and
Σ(rS) is the projected surface mass density of the cluster
at the position rS . In the thin lense approximation, the
projected mass density is given by
Σ(r) =
∫
dzρ(r, z), (14)
and the deflection angle is
θL(r) =
4G
c2
∫
d2r′
Σ(r)(r − r′)
|r− r′|2 . (15)
When light from a distant source is deflected by a mas-
sive object, an observer aligned with the distant source
and the massive object may see a ring-like image of the
distant source called an Einstein ring. If the distances to
the remote object and the massive object are known, the
apparent size of the Einstein ring can be used to estimate
the effective lensing mass. If dark matter is present, then
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FIG. 1: Projected cumulative mass within radius R from the
cluster center, adapted from [2]. Stellar (green, dotted) and
gas (red, densely dotted) curves are shown, in addition to
the “WSLAP+” (blue, dashed) and “glafic” (brown, densely
dashed) models discussed in that reference. The solid black
curve shows the MOG prediction using the parameters de-
scribed in the text.
the effective lensing mass is ML = Mb +MDM , whereas
if dark matter is absent, the effective lensing mass is de-
termined by the baryon mass Mb. The apparent radius
θE of an Einstein ring is in radians [16, 22]:
θE =
(
4GNML
c2
dLS
dLdS
)1/2
, (16)
where dL, .dS and dLS are the angular diameter dis-
tances, related to the comoving distance D by d =
D/(1 + z) for a flat, Ω = 1, cosmology, to a lensing ob-
ject, the source, and between the lensing object and the
source, respectively.
For an effective lensing mass ML = 5.2 × 1012M⊙,
dL = 377 Mpc, dS=1718 Mpc, and dLS=1533 Mpc, we
get the Einstein ring angular radius:
θE = 10
′′. (17)
The quoted observational angular Einstein ring radius
is θE = 10
′′, corresponding to 18.3 kpc. Models of the
projected total lensing mass with dark matter inside the
Einstein radius give ML ∼ 4.5× 1012M⊙ [2].
We can develop a more detailed analysis of the lensing
and Einstein ring by invoking the spatial dependence of
the scalar gravitational coupling strength GN (1 + α) =
1/χ. The density profile can be expressed as
ρ(r) = (1 + α(r))ρb, (18)
where
ρb = ρ∗ + ρg, (19)
and ρ∗ and ρg denote the stellar and gas (intracluster
light (ICL)) densities, respectively. We can model the
total lensing mass ML(r) as the three-dimensional aver-
age:
M(r) = 4π
∫ r
0
dr′r
′
2ρ(r) = 4π
∫ r
0
dr′r
′
2(1+α(r′))ρb(r
′).
(20)
We model the radial dependence of α(r) using Eq. (8) as
follows:
α(r) = αinf
M(r)
(
√
M(r) + E)2
. (21)
A good fit to the WSLAP+ and glafic models is displayed
in Fig. 1. This is achieved using the parameters αinf =
11, E = 680000M
1/2
⊙ , but we note that the dependence is
near degenerate: fits almost as good are obtained using,
e.g., αinf = 4, E = 25000 M
1/2
⊙ or αinf = 19, E =
1.2× 106 M1/2⊙ .
Within 18.3 kpc, our best fit model of α(r) yields
α(18.3 kpc) ∼ 4.0, yielding an effective lensing mass of
ML = (1 + α)Mb = 5.2× 1012 M⊙, (22)
using the sum of the enclosed stellar and gas masses,
Mb ∼ 1.0× 1012M⊙ as the baryonic mass.
The value αinf ∼ 11 is consistent with the α deter-
mined by fitting MOG to clusters [6, 8–10]. It is also
consistent with the MOG fitting of spiral galaxies [5].
IV. CONCLUSIONS
The modified gravity theory MOG can reproduce the
lensing and the Einstein ring for the galaxy cluster Abell
3827, using a central mass approximation in estimating
the lensing mass inside the Einstein ring. The MOG
lensing mass ML = (1 + α)Mb is ML ∼ 5.2 × 1012M⊙
and the estimated baryon mass obtained in Ref. [2] is
Mb ∼ 1.0×1012M⊙. This gives the Einstein ring angular
radius RE = 10
′′ with α∞ = O(10), which is consistent
with the fitting of rotation velocities of spiral galaxies [5]
and clusters [6, 8–10]. The Einstein ring in Abell 3827
can be fitted with a dark matter halo model. The dark
matter component has the same orientation as the light
from the intracluster stars, suggesting that the intraclus-
ter stars trace the gravitational potential of this com-
ponent [2]. We have fitted the galaxy, ICL and X-ray
emission configuration of the cluster to the data by mod-
eling the spatial dependence of the scalar field α(r). In
the absence of dark matter, there is agreement between
the projected sky distribution of the lensing mass and
the visible baryon mass.
Acknowledgments
We thank Mandy Chen and Martin Green for help-
ful discussions. Research at the Perimeter Institute for
4Theoretical Physics is supported by the Government of
Canada through industry Canada and by the Province of
Ontario through the Ministry of Research and Innovation
(MRI).
[1] L. Baudis, European Review, 26, 70 (2019).
[2] M. C. Chen et al. arXiv:2007.05603.
[3] J. W. Moffat, JCAP 0603 004 (2006),
arXiv:gr-qc/0506021.
[4] J. W. Moffat, arXiv:2006.12550.
[5] J. W. Moffat and S. Rahvar, Mon Not. R. Astron. Soc.,
436, 1439 (2013), arXiv:1306.6383.
[6] J. W. Moffat and S. Rahvar, Mon Not. R. Astron. Soc.,
441, 3724 (2014), arXiv:1309.5077.
[7] Z. Davari and S. Rahvar, Mon Not. R. Astron. Soc., 496,
3502 (2020), arXiv:2006.06032.
[8] J. R. Brownstein and J. W. Moffat, Mon Not. R. Astron.
Soc., 382, 29 (2007), arXiv:astro-ph/0702146.
[9] N. Israel and J. W. Moffat, Galaxies, 6, 41 (2018),
arXiv:1606.09128.
[10] J. W. Moffat and M. H. Zhoolideh Haghighi, Eur. Phys.
J. Plus 132, 417 (2017), arXiv:1611.05382.
[11] J. W. Moffat and V. T. Toth, Galaxies, 1 (1), 65 (2013),
arXiv:1107.2886.
[12] S. Jamali and M. Roshan, Eur. Phys. J. C, 76, 490 (2016),
arXiv:1608.06251.
[13] , C. Negrelli et al. JCAP, 07, 015 (2020),
arXiv:2004.13648.
[14] J. W. Moffat and V. T. Toth, Mon Not. R. Astron. Soc.,
397, 1885 (2009), arXiv:0805.4774.
[15] S. Rahvar and J. W. Moffat, Mon Not. R. Astron. Soc.,
482, 4514 (2019), arXiv:1807.0724.
[16] J. W. Moffat, S. Rahvar and V. T. Toth, Galaxies, 6, 43
(2018), arXiv:1204.2985.
[17] M. Roshan, Phys. Rev. D 87, 044005 (2013),
arXiv:1210.3136.
[18] M. A. Green, J. W. Moffat and V. T. Toth, Phys. Lett.
B780, 300 (2018), arXiv:
[19] J. W. Moffat and V. T. Toth, Class. Quant. Grav¿ 26,
085002 (2009), arXiv:0712.1796.
[20] M. A. Green, J. W. Moffat and V. T. Toth, Phys. Lett.
B780, 300 (2018).
[21] C. Brans and R. H. Dicke, Phys. Rev. 124, 125 (1961).
[22] S. Weinberg, Cosmology, Oxford University Press, Ox-
ford, UK, 2008.
